Bezier curves (BC) are fundamental to a wide range of applications from computer-aided design through to object shape descriptions and surface mapping. Since BC only consider global information with respect to their control points, this can lead to erroneous shape representations, though integrating local control point information minimises this error. This paper presents a new Dynamic Bezier Curve (DBC) model which combines both localised and global shape information by making a parametric shift of the BC points in the gap between the curve and its control polygon. The value of the shifting parameter is dynamically determined for a prescribed maximum distortion. DBC retains the kernel properties of the BC without increasing computational complexity order. The model's performance has been empirically evaluated on a number of arbitrary-shaped objects from geometric modelling to shape coding. Both qualitative and quantitative results confirm the improvement achieved compared with the classical BC representation.
INTRODUCTION
Bezier curves (BC) were independently developed by Casteljau and Bézier in the last century, and while their origin can be traced to the design of car body shapes in the automotive industry, their use is no longer confined to this field. Indeed, their robustness in curve and surface representation means they pervade many areas of multimedia technology including shape description of characters [1] and objects [2] , active shape lip modelling [3] , shape coding and error concealment for MPEG-4 coded objects [4] and surface mapping [5] .
The classical BC is defined by a set of control points with the number and orientation of these points governing the shape of the curve. Bezier theory however, only considers global information [6] about the control points, since a particular BC point is produced by blending all the control points. As a result, there is often a large gap between the curve and its control polygon (CP) leading to errors in the shape approximation. Higher degree curves reduce this gap and provide more flexibility in shape representation. Degree elevation [7] has been exploited to form a curve with an increased number of control points though all of these, except the two end-points, must be recalculated, so the computational overhead incurred in using higher-order BC is commensurately increased. To address this shortcoming, one alternative is to construct a composite Bezier curve [8] (CBC) using multiple BC segments. The calligraphic character outlining algorithms [1] and active lip-shape models [3] both exploit CBC, by detecting the corner points of a shape and then using consecutive pairs of points to form a shape segment. While suitable for regular shapes, these algorithms require more segments to accurately describe shapes which have more localised geometric features such as sharp edges and corners. Moreover, in such cases the control points are not normally located on the target shape, which can increase the image size and the descriptor length. This all means that while CBC serves the purpose of shape rendering, it is ineffectual for design purposes; hence the concept of refinement [8] has evolved, which comes in the form of subdivision and refinement techniques. When the control points of a BC are known, two sets of new control points, which are guaranteed closer to the curve, are calculated using methods such as midpoint [9] or arbitrary subdivision [10] . These algorithms increase the number of curve segments however and thereby the number of control points. Moreover, to ensure curve segments are smoothly conjoint, the number of subdivisions has always to be constrained.
While all the aforementioned algorithms minimise the gap between the BC and its CP up to a certain distortion level by increasing the number of control points, they also result in a higher coding and transmission cost to represent a particular shape. Enhanced BC models [11] address these issues, though they only decrease the gap to a limited extent and also do not provide a facility to dynamically select the size of the gap. This paper in contrast, presents a novel Dynamic Bezier Curve (DBC) model that incorporates local information within the classical BC framework by shifting the curve points to new parametrically determined points situated between the BC point and the CP. The shifting parameter (SP) is dynamically determined to maintain a prescribed maximum distortion. It will be proven the DBC model retains the fundamental properties of the classical BC, while its performance as a generic shape descriptor is extensively analysed for a large number of arbitrary shapes using both quantitative and qualitative metrics, with results confirming its superiority over classical BC models.
The remainder of the paper is organised as follows: Section 2 provides a short overview of classical BC concepts highlighting in particular, its limitation in considering only global information. Section 3 introduces the theory underpinning the new DBC model, including the strategy to determine the shifting parameter, as well as proofs showing that core Bezier properties are retained and the computational complexity is exactly the same as the classical BC. Section 4 presents experimental results illustrating the consistently improved performance of the DBC model relative to the classical BC, with some conclusions drawn in Section 5.
OVERVIEW OF THE CLASSICAL BEZIER CURVE
The classical BC is a recursive linear weighted subdivision of the edges of the generated polygon starting with a set of points to form the initial (control) polygon and ending when the final point is generated for a particular weight t . The set of 1 + N starting points is referred to as the control points which govern the shape of the BC of degree N . The polygon connecting the control points is called the control polygon (CP). The matrix form [6] of the classical BC for an ordered set of control points
where ( ) 
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t is a parametric operator which defines the location of the curve point, with the number of curve points depending on the number of t values. From (1) it is evident that a particular BC point is generated by blending all control points, which implies the BC only considers the global information of a shape and yields a gap between the curve and its CP. Figure 1 shows an example of a quadratic BC using control points is never reached and curve point C is generated on line AB . This highlights the significant shape distortion that can occur due to the classical BC only considering global information. In order to reduce this error, a novel strategy incorporating local information about the CP is now presented.
DYNAMIC BEZIER CURVE MODEL
To minimise the gap between the BC and its CP, the area bounded between them has to be accessed by shifting a generated BC point. Whenever a BC point is generated, one CP edge will be the minimum distance from it, and it is this edge that analytically exerts the maximum influence on that particular curve point. The DBC point is obtained by making a parametric shift of the BC point towards this particular CP edge. The shifting parameter (SP) plays a vital role as when SP is large, the curve approaches the CP (since local information is dominant over global information for the control points) resulting in a short distance from the CP, though in this case the curve loses smoothness. Conversely, when SP is small it possesses maximum smoothness; however the distance between the BC and CP is now close to the maximum since global information dominates. Thus, the choice of SP provides a tradeoff between the distance minimisation and level of smoothness. A strategy to optimise SP for an admissible distortion is discussed in Section 3.1, before which a summary of the mathematical formulation of the DBC is provided:-For a particular t , if the edge having the shortest distance from BC point ( )
has end points ( ) 
The optimal solution to this unconstrained problem is also the optimal solution to the constrained problem:-
where adm D is the maximum admissible distance between the curve and the CP. Since
is a non-increasing function of λ [13] , the bisection method [13] is used to find the optimal value of λ . It is noteworthy that the admissible distance ; as [14] proves the maximum distance between the BC and its CP is L . The complete DBC algorithm is presented in Algorithm 1:- As the foundations of the DBC model are underpinned by classical BC theory, the core properties [6] of the BC are preserved in DBC. Lemma 1, 2 and 3 examine some of these properties while Lemma 4 analyses the computational complexity of DBC.
Lemma 1: End point interpolation:
The DBC will always pass through its first and last control points. Proof: Bezier curve interpolates its end points [6] for the start ( 0 = t ) and end ( 1 = t ) control points, i.e., ( )
respectively. For DBC at both (4) and (5) (4) and (5) have constant dimensions irrespective of the degree of the curve. Also, since the dimensions of these matrices are small compared with the usual value of N , the multiplications in (4) and (5) incur negligible time with respect to (1), so the complexity of 
EXPERIMENTAL RESULTS AND ANALYSIS
For presentational clarity, throughout this section, the black solid line represents the original shape, while the dashed blue and dot/dash-dot red lines denote the shape approximated by the classical BC and DBC respectively. For quantitative analysis, the maximum max D (class one -peak) and overall overall D (class two -mean squared) distortions were applied [13] .
The performance of DBC model is firstly compared with the classical BC from the perspective of curve representation by maintaining different admissible distances, ), the closer DBC is to CP, while the higher the value of adm D (e.g.
), the further away DBC is from CP.
For comparative purposes, both BC and DBC used the same segments in the respective referenced applications. The control points for DBC were determined by using the Beus corner detection method [15] , since it is the most efficient curvature measurement and shape analysis method, as discussed in [16] , and also it guarantees the corner (i.e., control) points always lie on the actual shape contour. For BC the control points were determined in accordance with the corresponding algorithms.
A series of experiments was conducted to model the kettle shape shown in Figure 3 . The results for BC and DBC with a lowest achievable distortion of pel 1 for a prescribed number of segments are presented in Figures 3(a) and (b) respectively. It is visually evident that DBC provides a better shape approximation than BC, which is confirmed by the quantitative results in Table  1 The next set of experiments was performed upon the lip shape in Figure 4 (a), which was also used in [3] . This shape was defined using five BC segments (s1-s5) where the control points c i were defined outside the shape. The results produced by [3] outperformed BC, with the numerical results in Table 1 reinforcing this finding. For BC, since the control points are outside of the shape, the image size has increased (Figure 4(b) ), which also means a larger shape descriptor as it depends on the distance between two consecutive control points. For example, in case of the lip, using DBC the maximum distance between two consecutive control points is 15 pel, while using BC this distance is 28.3 pel. Moreover, for the BC, it is not possible for the user to stipulate a prescribed accuracy for approximation, whereas DBC provides the freedom to select the accuracy without changing the image size, by maintaining all the control points on the shape. The final experiments were conducted upon one of the Arabic characters in [1] and the corresponding approximation results are shown in Figures 5(a) and (b) . While [1] produced an optimal set of control points, DBC still provided an improved shape approximation. In [1] , most control points were outside the shape and it was also not adaptive to user requirements. This limitation together with the quantitative performance results in Table 1 , once again confirm the superiority of DBC.
CONCLUSIONS
While Bezier curves are well established tools for a range of applications, their main drawback is that they do not incorporate local information. This paper has focused upon integrating localised information into the classical BC framework. A new Dynamic Bezier Curve (DBC) model has been presented which includes a dynamic mechanism for handling the local and global information of the control points by determining the shifting parameter for a prescribed peak distortion through optimisation process. The DBC retains the core properties of the classical BC, and the qualitative and quantitative results using a variety of shapes, used extensively in the literature, have clearly demonstrated that DBC model exhibits considerable improvement over BC in terms of shape distortion performance, while keeping the same order of computational complexity.
